Abstract-This paper presents an analysis of ideal power amplifier (PA) efficiency maximization subject to a finite set of arbitrary complex harmonic terminations, extending previous results where only purely reactive harmonic terminations were treated. Maximum efficiency and corresponding fundamental output power and load impedance are analyzed as a function of harmonic termination(s). For a PA restricted to second harmonic drain waveform shaping, maximum efficiency as a function of second harmonic termination is treated for cases of both purely real and complex fundamental frequency impedances. For the case of a PA restricted to second and third harmonic drain waveform shaping, peak efficiency as a function of third harmonic impedance with an ideal second harmonic termination is analyzed. Additionally, the sensitivity of PA efficiency with respect to the magnitude and phase of the second and third harmonic load reflection coefficients is examined. The analysis is extended to include device and package parasitics. The paper concludes with a discussion of how the presented general analysis method provides useful insights to the PA designer.
Investigation of PAs via Fourier analysis was published as early as 1932 [3] . In [4] , Raab analyzed efficiency and output power capability of an ideal PA having a finite number of reactive harmonic terminations. This method maximized PA efficiency through optimization of the drain voltage and current waveform Fourier coefficients and fundamental frequency reactance, under the restriction of a finite set of harmonic terminations. In [5] , an analytical treatment of ideal class-F amplifiers subject to finite harmonic terminations was presented in which purely reactive harmonic terminations were also assumed. Using a technique similar to [4] , a set of PA classes with class-B efficiency has been treated [6] . In [7] , an analytical solution to finite harmonic class-C PA maximum efficiency was derived, which is equally applicable to analysis of a finite harmonic class-C PA. Cripps recently discussed the waveform analysis of a second-harmonic only PA in [8] .
To the best of the authors' knowledge, a general analysis with arbitrary sets of resistive and reactive harmonic terminations has not been presented to date. However, in practice, harmonic terminations are complex due to resistive loss of the PA output network. Therefore, it is of interest to understand the impact of arbitrary impedances at harmonic frequencies on PA efficiency, output power, and load impedance. This paper generalizes the classical method of [4] in order to investigate several issues of practical interest: 1) fidelity of harmonic terminations required to achieve a specified efficiency; 2) impact of resistive, reactive, and complex harmonic terminations on maximum PA efficiency and corresponding fundamental output power and load resistance; 3) impact of fundamental frequency reactance on maximum PA efficiency and corresponding fundamental output power and load resistance. In Section II, a generalized theoretical analysis of PA efficiency, output power, and load impedance is presented. Sections III and IV detail the results for PAs having up to third harmonic voltage and current components for real and complex fundamental load impedances, respectively. Section V presents a practical application of the theoretical analysis for a 2.14-GHz PA with a constant device output capacitance assumed. Section VI contains an example of harmonic load-pull data using a practical 50-W GaN HEMT demonstrating trends predicted by the theory. Fig. 1 depicts an ideal PA, which will be described in terms of a field-effect transistor (FET) without loss of generality, and with the following assumptions.
II. HARMONICALLY TERMINATED PA ANALYSIS APPROACH
0018-9480/$26.00 © 2011 IEEE (C ) and RFC are assumed to be ideal, therefore Z is equivalent to the impedance Z presented to the virtual drain at the fundamental and harmonic frequencies.
• The device has zero on-state resistance . While nonzero may be considered, the intention of the following analysis is to investigate the performance ceiling rather than the performance as a function of . • The drain is biased through an ideal RF choke (RFC).
• The load is dc isolated from the supply by an ideal blocking capacitor that acts as a short circuit at the operating frequency and corresponding harmonics.
• A sinusoidal voltage at is applied to the gate. Harmonics are present only at the output of the transistor, and they are assumed to be generated by the various nonlinearities of the transistor, which include nonlinear capacitances such as gate-to-source capacitance.
• The dc drain voltage and dc drain current are strictly greater than or equal to zero.
• The drain current and voltage waveforms have fixed maximum values and , regardless of harmonic content. This allows a fair comparison of output power and fundamental load impedance for amplifiers having different harmonic terminations. Alternate parameters may be fixed, as will be discussed in the Appendix. The time-harmonic drain voltage and current waveforms of an ideal PA limited to harmonics can be represented by Fourier series as
where is angular time [9] . In principle, may extend to , but practically is finite due to the device gain roll-off in frequency, and in the case of this paper, up to is analyzed. The minimum values of the drain waveforms defined in (1) and (2) are required to be greater than or equal to zero, where the case when the waveforms have minima of zero corresponds to (17) being maximized. This corresponds to the dc power being minimized for the given fundamental output power. Under this restriction, the ideal PA with no harmonic voltage or current components corresponds to a class-A PA with full 360 conduction angle, as expected. By inspection of Fig. 1 , the load network voltage and current waveforms are given by
Due to the definitions of the load voltage in (3) and current waveforms in (4), the voltage and current fundamental frequency and harmonic components are expressed as
The load impedance at frequency is given by
The time average power delivered to the load at frequency is given by
where denotes the complex conjugate operator. For analysis of an ideal PA, it is convenient to define the fundamental frequency drain voltage Fourier coefficient as
Any other choice of would simply shift the phase of the fundamental component of the drain voltage waveform with respect to the higher order components, therefore requiring the same phase shift to higher order components to restore waveform alignment. Consequently, the time average power delivered to the load at the fundamental frequency simplifies to W
In order to perform a generalized analysis of an ideal PA, it is convenient to normalize the drain and load waveforms by the maximum drain voltage , which can be withstood without device breakdown, and the maximum drain current the device can support, such that
A (14) where and are scaling factors defined as
The maximum values of the drain voltage and current waveforms are fixed at and , respectively, regardless of the harmonic content and are easily scaled. PA efficiency is expressed as (17) where , , and are the fundamental power, dc drain voltage, and dc drain current, respectively, calculated via optimization of the normalized equations (11)- (14) . Equation (17) refers to drain efficiency, or an upper bound to power-added efficiency. Equation (17) shows that PA efficiency can be maximized using the normalized equations. Once efficiency optimization using the normalized equations is performed, the corresponding fundamental output power and fundamental load impedance are calculated. Let the normalized fundamental frequency voltage Fourier coefficient and normalized fundamental frequency load impedance be defined as
where the normalized fundamental load resistance is unity and is the normalized fundamental load reactance. Defining and in this manner results in 1-W normalized output power when . The freedom to choose convenient definitions of these quantities is due to the normalized equations given in (11)- (14) . Alternate definitions would simply result in different values for the normalized quantities , , , and without impacting the efficiency, fundamental output power, and fundamental load impedance. Given the definitions of (18) and (19) , the normalized fundamental frequency Fourier coefficients of the drain current are derived as
Substituting (18) and (21) into (10) yields an expression for the normalized fundamental frequency average power given by W
The fundamental frequency average power is then expressed as W
which through substitution of (15) and (16) The fundamental frequency resistance is expressed as (27) which by substitution of (15) and (16) becomes (28) To compare the impact of harmonic terminations on the fundamental frequency resistance, it is useful to normalize by the class-A load line resistance given by In general, maximization of efficiency given a finite set of harmonic terminations must be performed numerically via a global optimization procedure, although special cases exist in which explicit expressions have been obtained [10] , [11] . A general procedure for numerical maximization of efficiency given a finite set of harmonic terminations is as follows.
• Define a finite set of normalized harmonic load impedances where voltage and current harmonics greater than are not generated by the active device.
• Apply a global optimization algorithm to maximize the efficiency by optimizing the normalized fundamental frequency reactance and the normalized drain waveform Fourier coefficients given the set of normalized harmonic load impedances. Either the current or voltage coefficients may be optimized as convenient, given the remaining coefficients are explicitly defined by the harmonic impedances.
• Once efficiency optimization is complete, use (26) to calculate the fundamental frequency output power normalized to class-A output power. Use (30) and (31) to calculate the fundamental frequency resistance and reactance, respectively, normalized to the class-A load line resistance. Maximization of efficiency is performed with the MATLAB optimization toolbox using the function, which implements the direct search Nelder-Mead simplex method described in [12] . The method does not require a gradient of the function being minimized, and it is well suited for problems that exhibit discontinuities. Since the function may result in a local solution, multiple sets of drain waveform Fourier coefficients and initial conditions are used to ensure the global maximum efficiency is found. Given that is a minimization function, the cost function is defined as negative efficiency in order to solve for maximum efficiency. Solved efficiency, Fourier coefficients, and results for specific sets of harmonic impedances were in agreement with those found by the authors of this paper when using alternate optimization methods, e.g., genetic and simulated annealing [13] , [14] .
III. REAL FUNDAMENTAL LOAD IMPEDANCE
In this section, the method is applied to optimizing a PA with real valued fundamental load impedance with arbitrary complex harmonic terminations. The parameters of interest are efficiency, fundamental output power, and fundamental load resistance. In particular, their sensitivity to harmonic terminations is investigated.
A. Second-Harmonic Only PA
The real fundamental load impedance represents the PA configuration that will deliver maximum power given fixed values of peak voltage and current. From (22), the normalized power remains constant at 1 W, independent of harmonic termination(s). Efficiency optimization is performed for second harmonic terminations spaced uniformly over the Smith chart. For each harmonic termination, either the drain voltage coefficients or the drain current coefficients are selected for optimization. In the case where , the voltage coefficients cannot be optimized because they are necessarily zero. Therefore, the current coefficients must be optimized instead. Similarly, when , the current coefficients cannot be optimized because they are necessarily zero. Fig. 2(a) shows efficiency contours as a function of second harmonic impedance. Maximum efficiency of 70.71% occurs under conditions of an ideal short or open circuit in agreement with [7] with degraded efficiency elsewhere. The ideal shortcircuit case corresponds to a second harmonic class-C PA, while the ideal open circuit case corresponds to a second harmonic class-C PA.
A subset of the data shown in Fig. 2(a) is plotted in Fig. 2 (b), which shows efficiency as a function of when , and when is purely real. For a purely reactive second harmonic termination (i.e., ), 70% efficiency is achieved within 22.5 of a short and open circuit. For a purely real second harmonic termination (i.e., , 180 ), 70% efficiency is achieved when . In practice, this analysis gives insight to the PA designer concerning how closely the fabricated second harmonic termination must be to an ideal short or open circuit to achieve a desired efficiency. For example, must be achieved for an approximate short circuit and for an approximate open circuit given an ideal termination phase to achieve 70% efficiency, which is rather restrictive. A more reasonable goal would be to achieve , which would result in greater than 68% efficiency. This corresponds to for an approximate short circuit and
for an approximate open circuit, which is a more practical. Fig. 3(a) shows contours of fundamental frequency output power, normalized to class-A. Fig. 3(b) shows from (26) as a function of when , and when is purely real. An output power of is realized under conditions of maximum efficiency. A minimum output power of occurs when , corresponding to a 0.56-dB reduction relative to class-A output power. It is evident that output power may not be improved over class-A output power with only a second harmonic termination when peak current and voltage are held fixed. Fig. 4(a) shows contours of fundamental frequency load resistance, normalized to the class-A load line. Fig. 4(b) shows as a function of when , and when is purely real. The load resistance exhibits a discontinuity about the imaginary axis. The load resistance under conditions of maximum efficiency is when and when . This is due to the swapping of normalized current and voltage waveforms when the normalized load is changed from 0 to , which effectively inverts (30). For example, when , the peak voltage is increased over the class-A case, while the peak current stays the same, implying the load resistance must decrease to maintain constant and . In general, if the load resistance for one half of the Smith chart (e.g., the left half) is calculated, the load resistance for the other half can be directly calculated by inverting the data, resulting in a discontinuity about the imaginary axis. In other words, the solutions from the left half of the Smith chart correspond to current peaking drain waveforms, while the right half solutions correspond to voltage peaking.
B. Second and Third Harmonic PA
As demonstrated, second harmonic short and open circuits are optimal terminations from the standpoint of PA efficiency, which is in agreement with [4] . Efficiency is next re-optimized for an added third harmonic under conditions of an ideal second harmonic termination. When , a peak efficiency of 81.65% is realized when , as shown in Fig. 5(a) . This set of harmonic terminations corresponds to a second and third harmonic class-F amplifier. Under the short-circuit condition , an efficiency of 80.90% is simulated, which is in agreement with analysis of a finite harmonic class-C amplifier [7] . Fig. 5(b) shows the corresponding contours of output power normalized to class-A output power. The class-F output power is improved by 0.5 dB relative to class-A output power, while class-C output power is reduced 0.69 dB relative to class-A output power. Fig. 5(c) shows the corresponding contours of fundamental load resistance normalized to class-A load resistance. The class-F and class-C load resistance are and , respectively. Alternatively, efficiency optimization can be performed under the condition that . In this case, the resultant efficiency and power contours may be obtained by rotating Fig. 5(a) and (b) 180 about the imaginary axis. The resultant resistance contours are obtained by inverting the contour values shown in Fig. 5(c) and rotating them 180 about the imaginary axis. The transformed contours may be used to extract the efficiency, output power, and load resistance of second and third harmonic class-F and class-C amplifiers. The efficiencies and output powers of the inverted amplifier classes are equivalent to those quoted for the noninverted classes, while the load resistance is found to be the reciprocal of that for the noninverted class. Consequently, the second and third harmonic class-F and class-C amplifiers require a smaller load resistance than their class-F and class-C counterparts to produce equivalent output power with maximum efficiency under conditions of fixed peak voltage and current. Table I summarizes the efficiency, fundamental output power, and fundamental load resistance for second-harmonic only and second and third harmonic class-F, class-C, class-F , and class-C amplifiers.
In practice, it is important to understand the sensitivity of PA efficiency to the phase and magnitude of the third harmonic termination under the condition of an ideal second harmonic termination. Fig. 6 shows PA efficiency as a function of for the analyzed second and third harmonic cases when . The maximum and minimum efficiency when are 81.65% and 76.30%, respectively, demonstrating the importance of terminating the third harmonic in an appropriate angle. Greater than 81% efficiency is achieved within 30.0 of a third harmonic short when or a third harmonic open when . For the case of a purely resistive , greater than 81% efficiency is achieved when for and for , as shown in Fig. 7 . Based upon the simulated results, it is concluded that PA efficiency is less sensitive to both and than and . This is a fortunate result, given that harmonic terminations be- Fig. 6 . Ideal PA efficiency with fixed second harmonic versus 0 (3f ), j0 (3f )j = 1. Greater than 81% efficiency is achieved within 630.0 of the ideal termination. The fundamental frequency impedance z (f ) is purely real. Fig. 7 . Ideal PA efficiency with fixed second harmonic versus 0 (3f ) when 0 (3f ) is purely real. Greater than 81% efficiency is achieved when 0 (3f ) +0:9 for z (2f ) = 0 and 0 (3f ) 00:9 for z (2f ) = 1. The minimum efficiency of 71.52% occurs when z (3f ) ' z (f ). The fundamental frequency impedance z (f ) is purely real.
come increasingly sensitive and difficult to realize as frequency increases.
IV. COMPLEX FUNDAMENTAL LOAD IMPEDANCE
This section investigates optimization of the normalized fundamental frequency reactance in order to maximize PA efficiency. Further optimization of PA efficiency is done at the The minimum efficiency and maximum efficiency are equivalent to those calculated without optimizing x (f ). However, the regions for which a given high efficiency is obtained are significantly expanded. Fig. 9 . Ideal PA p (f ) contours versus z (2f ) when x (f ) is optimized in addition to the harmonic Fourier coefficients. Power is reduced in order to improve efficiency for much of the Smith chart. In the worst case, power is reduced by 1.63 dB relative to class-A output power.
expense of normalized output power, given (22). The efficiency of an ideal PA restricted to only second harmonic content is again analyzed. Unlike the analysis in Section III, the normalized fundamental load power will not remain constant at 1 W for all second harmonic impedances. Efficiency optimization is performed as described in Section III. However, in this case, is an additional optimization parameter, resulting in three optimization parameters for a second harmonic only PA.
Figs. 8-10(b) show efficiency, fundamental output power, fundamental resistance, and fundamental reactance contours, respectively, as a function of second harmonic impedance when is an additional optimization parameter. The efficiency contours are significantly different than those shown in Fig. 2(a) and are no longer symmetric about the imaginary axis. For the case when , an efficiency of 70.71% is obtained regardless of . It is evident that efficiency is significantly improved for much of the Smith chart at the expense of fundamental output power, where power is reduced by 1.63 dB in the worst case. When comparing Fig. 9 with Fig. 3(a) , one concludes that the fundamental frequency reactance results in an output power reduction. It is evident that the fundamental frequency resistance shown in Fig. 10(a) is also impacted by tuning . Investigation of Fig. 10(b) reveals that the optimal fundamental frequency reactance is zero for purely real second harmonic terminations. Given an inductive second harmonic termination, a capacitive fundamental frequency reactance is used to improve PA efficiency. Similarly, under the condition of a capacitive second harmonic termination, an inductive fundamental frequency reactance is used to improve PA efficiency. In practice, the improvement in efficiency by tuning supports class-J amplifier theory [15] . Tuning has utility in cases where the PA designer has limited or no control over the harmonic terminations, and is forced to improve efficiency at the expense of output power. However, in the case where ideal harmonic terminations are enforceable at the virtual drain, care should be taken to do so in order to achieve maximum output power for a given PA efficiency. Note that the presented analysis does not directly apply to a class-E PA, where the equivalent output capacitance at the drain is a part of the wave-shaping circuit [16] .
V. EXTENSION TO PRACTICAL PA WITH PARASITIC OUTPUT NETWORK
The analysis and results presented in previous sections correspond to an ideal PA model. In particular, the efficiency and power contours as a function of harmonic impedance are referenced to the impedance at the virtual drain of the transistor, rather than a measurable impedance plane. As shown in [17] , the parasitics between the virtual drain and loading network not only transform the impedance, but may significantly increase the phase sensitivity of harmonic terminations at the virtual drain. As a first step toward developing a more realistic model, consider the PA block diagram that includes a constant parasitic device output capacitance shown in Fig. 11 . Though can be nonlinear in some devices, it has been shown that the drain-to-source capacitance for a GaN HEMT device is nearly constant [18] . Since the gate-to-drain capacitance is significantly smaller than , can be considered to be approximately linear. Another device technology having an approximately constant is the GaAs high-voltage HBT (HVHBT) [19] . Device technologies that have a nonlinear output capacitance would require an analysis procedure different from that presented in this section.
In general, the assumed constant can be replaced by any two-port -parameter model corresponding to an arbitrary linear transformation describing the parasitics. The impedance seen at the virtual drain is no longer equivalent to the impedance presented by the load [i.e.,
]. For the th harmonic, the normalized impedance at the virtual drain is translated to an actual impedance given by (32) where is defined in (27). Note that (27) refers to ; however, in the ideal analysis of Section II, so the expression is applicable. Additionally, note that is a function of the set of harmonic terminations enforced, and in general, will differ for each unique set of harmonic terminations. Alternatively, may be fixed at a specific value without impacting the efficiency contours shown in Fig. 2 . However, this will result in nonconstant maximum voltage and current, along with different power contours than those shown in Fig. 3 . The reflection coefficient at the virtual drain is calculated by
Define the two-port -parameters at the th harmonic that represent the parasitic transformation between the virtual drain and a measurable reference plane as , where the characteristic impedance of the ports is . The reflection coefficient looking into the two-port network is expressed as (34) where is the reflection coefficient at the measurement reference plane. The reflection coefficient at the measurable plane is calculated by rearranging (34) and is given by (35) where is given by
The normalized impedance at the measurable plane is then given by (37) Using (35)-(37), the efficiency, fundamental power, fundamental resistance, and fundamental reactance contours at the virtual drain can be translated to the measurable reference plane. This method enables a theoretical analysis of efficiency and power sensitivity to device and packaging parasitics.
As an explicit example, consider the circuit diagram of Fig. 11 where exists between the virtual drain and . The -parameters of assuming the characteristic impedance of the ports is are given by Equations (35)-(37) may now be used along with the -parameters in order to calculate PA contours at the loading network plane rather than the virtual drain. Under the assumptions that GHz, , , and pF, the efficiency, power, and resistance contours are calculated as a function of and are shown in Fig. 12 . Due to the discontinuity in about the imaginary axis, as discussed in Section III-A, the contours shown in Fig. 12 were not evaluated near . The efficiency, power, and resistance contours shown in Figs. 2-4 experience a significant transformation due to . This simple example illustrates a fundamental problem the PA designer must overcome in order to achieve a high-efficiency PA design. The transformation between the virtual drain and a measurable plane must be understood and carefully quantified in order to achieve a high-efficiency PA via proper harmonic termination.
VI. DISCUSSION AND CONCLUSIONS
The goal of this paper has been to develop a generalized theoretical description of harmonically terminated PAs. Full experimental verification of the theory requires variation of supply voltage and current in addition to fundamental and harmonic load impedances at the virtual drain of the device. A qualitative experimental validation was performed through load-pull measurements on a Triquint TGF2023-10 50 W Discrete Power GaN on SiC HEMT [20] . A fundamental frequency load-pull was performed for six unique second harmonic loads at a fixed quiescent supply voltage and current of 28 V and 300 mA, respectively. The measured results are then de-embedded to the virtual drain of the transistor by accounting for the intrinsic output capacitance and the extrinsic impedance transformation due to the bond wires and fringing capacitance, as shown in Fig. 13 . The extrinsic transformation network was obtained by full-wave HFSS simulations. The optimal drain efficiency and associated output power are shown in Fig. 14 .
The measured data reveals several trends predicted by the theory.
• As the second harmonic termination is swept from a capacitive to inductive, the optimal fundamental impedance sweeps from inductive to capacitive. This is in agreement with the results shown in Fig. 10(b) .
• The trend of the optimal fundamental resistance as a function of second harmonic termination is in agreement with Fig. 10(a) .
• When the second harmonic is nearest an open circuit, the drain efficiency is maximum with an approximately real fundamental load impedance. • High efficiency is achieved over a range of second harmonic termination phase, as predicted in Fig. 8 . For instance, points C and D in Fig. 14 show the same measured power, high efficiency, and optimal fundamental impedances, which are very close. A practical experiment providing full validation of the optimal drain efficiency, fundamental output power, and fundamental load impedance presented in the previous sections would require a large set of measurements, which are not always necessary for practical design. Nevertheless, the presented experimental data shows that the theory is useful for providing design insight and predicting trends.
In summary, this paper presents a generalized analysis of PA efficiency maximization with associated fundamental output power and fundamental load impedance given arbitrary harmonic terminations. To the best of the authors' knowledge, a general treatment has not been previously presented in literature. Efficiency, fundamental output power, and fundamental load resistance contours as a function of second and third harmonic terminations are calculated in Section III given a real fundamental load impedance, and provide useful guidelines for PA design.
More importantly, the analysis (Section III) gives the designer information about the sensitivity of PA efficiency with respect to the magnitude and phase of the second and third harmonic load reflection coefficients. It is shown that PA efficiency is less sensitive to both and than and . This is important for practical PA design when the harmonic frequencies are high and the harmonic impedances presented at the virtual drain are sensitive to parasitics. Adjusting the fundamental frequency load reactance allows the PA designer to improve efficiency at a reduced output power given nonideal harmonic terminations. Section IV gives quantitative results for efficiency, output power, resistance, and reactance contours for a second-harmonic only PA.
In practical microwave PAs, device and package parasitics can prevent the PA designer from presenting optimal harmonic terminations at the virtual drain. In that case, the results of analysis presented here quantify the fundamental output power and load impedance tradeoffs associated with improving PA efficiency via tuning the fundamental frequency reactance presented to the virtual drain of a given device.
The method in this paper can be extended to include analysis of PA efficiency, output power, and output load given an arbitrary set of input and output harmonic terminations. In Section V, the theory was extended to include a linear transformation due to and was further extended to include bond wires in the experimental validation. In general, the method may be applied to a PA having an arbitrary parasitic output network, which is linear and characterized by -parameters. An interesting result from the theory is the limited sensitivity of efficiency and power to harmonic termination phase, which points to the possibility of extending bandwidth through use of appropriate resonant circuits.
APPENDIX ALTERNATE NORMALIZATION CONDITIONS
It is important to note that the normalization conditions defined by (11)-(16) may be redefined in many different ways if desired without impacting the maximal efficiency. However, the fundamental output power and load impedance will be impacted. For instance, it may be useful to normalize to a constant supply voltage and supply current . In this case, the normalization equations are restructured to the forms given by 
It is evident that the calculated fundamental output power, load resistance, and load reactance will differ from those calculated when normalizing to peak voltage and current. However, it is necessary to understand that this normalization scheme places no limits on the peak voltage and current. Care should be taken to determine which normalization scheme is more appropriate for the problem at hand. The presented fundamental load power, resistance, and reactance results in this manuscript correspond to normalization to peak voltage and current.
